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Abstract:

This study presents a theoretical investigation of the
magnetohydrodynamic (MHD) flow and heat transfer characteristics of
an ethylene glycol (C:HsO4)-based nanofluid containing magnetite
(FesO4) nanoparticles confined between two parallel disks undergoing
squeezing motion, incorporating the effects of an applied magnetic field
and thermal radiation. The governing nonlinear partial differential
equations are transformed into a system of nonlinear ordinary differential
equations using appropriate similarity transformations. The resulting
boundary value problem is then evaluated. numerically using the
Chebyshev Pseudo-Spectral Method (CPSM) to obtain highly accurate
solutions. The analysis focuses on the velocity and temperature
distributions, skin friction coefficient, and Nusselt number for various
physical parameters such as magnetic field strength, nanoparticle volume
fraction, radiation parameter, and squeezing effect. The results
demonstrate that the applied magnetic field significantly influences the
flow behavior, while increasing the concentration of magnetite
nanoparticles enhances the heat transfer rate and surface skin friction.
These findings confirm the potential of magnetite-enhanced ethylene
glycol nanofluids for improved thermal performance in advanced heat
transfer systems.

Keywords: Ethylene glycol nanofluid; Magnetite nanoparticles; MHD
squeezing flow; Thermal radiation; Parallel disks; Chebyshev Pseudo-
Spectral Method; Skin friction; Nusselt number.

This is an Open Access article that uses a funding model which does not charge readers or their institutions for access and distributed under

the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0) and the Budapest Open Access Initiative

(http://www.budapestopenaccessinitiative.org/read), which permit unrestricted use, distribution, and reproduction in any medium, provided

original work is properly credited.

1. Introduction:

analysis to rotating disk configurations and reported

The study of fluid flow and heat transfer between multiple  solution  branches  for  viscous

parallel disks has long attracted attention due to its
applications in lubrication systems, polymer
processing, hydraulic brakes, and cooling of rotating
machinery. One of the earliest investigations was
conducted by S. Ishizawa, analyzed unsteady flow
between parallel disks and highlighted the influence
of squeezing motion on velocity distribution [6].
Later, G. L. Mellor and co-workers extended the

incompressible flow [7]. Further improvements were
made by U. Nazir and T. Mahmood, incorporated
heat transfer effects into the rotating disk problem,
providing insight into temperature variations in
confined geometries [8].

The introduction of nanofluids significantly
enhanced the thermal performance of conventional
heat transfer fluids. The concept of nanofluids was
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first proposed by S. U. S. Choi [1], demonstrated
that dispersing nanoparticles into base fluids can
enhance thermal conductivity. Subsequently,
experimental studies by J. A. Eastman and co-
authors [2] reported remarkable increases in thermal
conductivity for ethylene glycol-based nanofluids.
Theoretical and experimental contributions by Y.
Xuan and Q. Li [3], and S. K. Das et al. [4] further
demonstrated that nanoparticle concentration and
temperature  strongly influence heat transfer
enhancement. A comprehensive theoretical model
explaining convective transport in nanofluids was
later proposed by J. Buongiorno [5], identified
Brownian motion and thermophoresis as dominant
mechanisms.

In recent years, attention has shifted toward
magnetohydrodynamic (MHD) squeezing flow of
nanofluids due to its importance in metallurgical
processing, cooling of electronic devices, and
magnetic drug targeting. Studies such as those by
Hayat et al. [9] examined irreversibility effects in
squeezing nanofluid flows with thermal radiation.
Zainal et al. [10] investigated MHD and radiation
effects in hybrid nanofluids, while Hosseinzadeh et
al. [11] analyzed entropy generation in magnetite-
based nanofluids under nonlinear radiation. More
recently, Awati et al. [12] applied spectral and Haar
wavelet collocation techniques to analyze heat
generation and viscous dissipation in micro-polar
nanofluid stagnation point flow. Awati et al. [13]
further studied stability characteristics of Casson
fluid flow using spectral methods. Additional
developments include Maxwell nanofluid squeezing
flows [14], hybrid nanofluid thermal behavior [15],
and irreversibility analysis between permeable disks
[16]. Recent investigations by Vigneshwari et al.
[17] and Johari et al. [18] emphasized the
importance of magnetic field and generalized heat
flux models in controlling temperature distribution.
These studies demonstrate that the combined effects
of magnetic field, radiation, and nanoparticle
properties significantly influence thermal transport.

Spectral and pseudospectral techniques have
become powerful tools for solving nonlinear
boundary value problems arising in fluid mechanics.
One of the earliest applications of Chebyshev
spectral collocation for viscous flows was reported

by Farcy and de Roquefort [20], analysed
incompressible =~ Navier—Stokes  equations in
curvilinear domains. Guo and Li [21] extended
Fourier—Chebyshev pseudospectral schemes to two-
dimensional vorticity equations. Later, Elazem and
Ebaid [22] demonstrated the robustness of
Chebyshev pseudospectral methods for nonlinear
boundary value problems, while Elgazery [23]
applied implicit Chebyshev discretization to study
radiation effects in non-Newtonian fluids. Recent
advancements include applications to fractional
differential equations by Oloniiju et al. [24,28] and
further developments in optimal control using
pseudospectral approaches by Elnagar et al. [26] and
Fahroo and Ross [27]. Yousefian et al. [29]
introduced a novel online pseudospectral framework
for nonlinear dynamical systems. These studies
confirm that the Chebyshev pseudospectral method
provides exponential convergence, high accuracy,
and computational efficiency. Therefore, the present
work employs this method to analyze MHD
squeezing flow and radiative heat transfer of
ethylene glycol-based magnetite nanofluid between
parallel disks.

2. Mathematical formulation

z=h(t) ‘ Upper plate

T

) - 0 ° Magnetic
nanoparticles
(ferrofluid)

h(t)

. Carrier oil

|

z=0 ‘ Lower plate (fixed)

Fig. 1 Geometry of the flow
Consider the incompressible magneto
hydrodynamic (MHD) flow of an ethylene glycol-
based nanofluid containing magnetite nanoparticles,
confined between two infinite parallel disks
separated by a finite distance /A(z). Let

B, (I—at )(%) be the applied magnetic field

normal to the disks. Let T,and 7, be the

temperatures of the bottom and top disks,
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respectively. In the considered problem, it is [:lj
assumed that the upper disk moves towards and aH(1-at)" * h o
away from the fixed lower disk at a velocity 2 as shown in Fig. .., as reported

by Sampath Kumar et. al[23].
The equations governing flow and energy of an unsteady incompressible flow of a viscous fluid in three

o o _ , 13(Ru) 1 ov ow
dimensional cylindrical coordinates are thus given by, — R + E % + 8_ =0
z
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In the above set of equations, 8_p =0 , as there exists rotational symmetry in the flow. Further, the azimuthal

z
element of the velocity V = (u, v, w) disappears, that is, V=0 . Here, the velocity components of the flow
along R—axis, @ —axis, and z—axis are denoted by u, v, and w, respectively, and the pressure is denoted by p. The
specific heat capacity, dynamic viscosity, thermal conductivity, and density of the fluid are respectively
represented by C o Mo k and p . Thus, the two dimensional viscous incompressible flow of the MHD nanofluids
is governed by,
ou u ow
+—+

—+—+—=0, 6
OR R 0z ©
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Where 1 uf s pnf,k oy C P and ¢, denote the dynamic viscosity, density, thermal conductivity, specific heat

capacity of the nanpfluid and radiative heat flux respectively. Further,

7z = Koy ki:(zkarks)_z(ﬁ(kf—ks)
! (1_¢)25 o pcp nf ’ k/ (2k/ +ks)+¢(kf _ks) ’
- 4% oT*
pnf = (1_¢)pf +¢px’ an = pf ,(pCp )nf = (1—¢)(pCp )f +¢(pcp )S’qr - _ 3:* ~
nf

Here, the specific heat capacity, dynamic viscosity, thermal conductivity, and density of the base fluid are

respectively represented by C po My k r and p Iz The nanoparticle’s solid volume fraction is given by ¢, and
C 2 Py and k_ respectively denote the specific heat capacity, density and thermal con ductivity of the solid

fraction. a,, and Vs denote the thermal diffusivity and kinematic viscosity of the nanofluid. The boundary

conditions to the considered problem are given by,

LtzO,Wz%,T:Tl at z=h(t),u=0, w=0, T =T,, at z—0.

For an optically thick fluid, assuming small temperature differences within the flow, T * canbe expanded using

0 160 *T,’ 8°T
a Taylor series about T, : T* ~ 4T, h3T - 3Th4 This lincarization leads to: " = — b 5
Oz 3k* 0Oz

The nonlinear PDEs that govern the flow and energy are transformed into nonlinear ODEs by

employing the similar ity transformations as follows:

Bty=—20 (10)
(l—at)i
n=—, (11)
H(l—at)E
ar
—_ F’
" (l—ar) (77) (12)
H
w=—2" f(n). (3)
(l—at)E
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g-1-T
T, 2 Tl
Adopting the transformations Eqgs. (10—14) in Egs. (7-9) and eliminating the pressure gradient, the following
equations are obtained,

o

S[(l—¢)+¢Z—S}[F"’(U)F(f7)—3F”(f7)—n ()] 0
~MF"(n)=0,

(’;—f + Rd]@"(n)

S

(14

(16)

(oc,) J

+SPr| (1-¢)+ ¢(—Tp = 2F()0'(7)-n0"(n)) = o,
[ pCp !

along with the boundary conditions,

F(0)=0, F(1)= %,F’(O) =0,F'(1)=0,0(0)=1,0(1)=0. (17)

Correspondingly the squeeze number, magnetic parameter, and Prandtl number are respectively defined as
follows,

W) ()
"\ 6z R)_,, "\ oz ) e

C, = , Nu=———"20 (19)

! P ( —aH jz kf(Tw_Th)'
" 241 —at

Substituting Egs. (10-14) in Eq. (19),
H? 1

?Re Cf =
((1—¢)+¢”5)
Py

Fr(1)

(20)

1 k
(1—at): Nu=— -2+ Rd |6'(0).
kf
Here, local Reynolds number Re is defined as,

1
Re — pfraH(l—at)z .

ap,

166 *T,’
3k & *

Radiation parameter Rd =

3. Method of solution
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The transformed nonlinear ordinary differential equation governing the steady magnetohydrodynamic Casson
fluid flow in a porous channel is numerically analyzed using the Chebyshev pseudospectral method, and the
corresponding algorithm is implemented in Mathematica. The nonlinear system is linearized using an approach
inspired by the Newton—Raphson method, which ensures efficient iterative convergence.
The Chebyshev pseudospectral method, originally introduced by Elnagar et al. [24] and later refined by Fahroo
and Ross [25], has been extensively utilized in optimal control problems and fractional differential equations due
to its high accuracy and rapid convergence for smooth solutions over finite domains. Furthermore, Shina Daniel
Oloniiju et al. [26] successfully applied this method to fractional differential equations in partitioned domains.
Similarly, Arian Yousefian et al. [27], along with Narayanan, developed an online pseudospectral framework
based on Chebyshev polynomial bases for system identification under aperiodic sampling conditions. Chebyshev

polynomials (T k) are defined on the interval & € [— 1, 1] .physical channel is defined on 77 € [0, 1]We map the
physical space to the spectral space using:
E=21-1

This ensures A = 0 (lower wall) maps to &=-1,and A =1 (upper wall) maps to E=1.

assume the stream function f’ (ﬂ) can be represented as a sum of N +1 Chebyshev polynomials:

7€)~ Ya.7,(6)

where @, are the unknown coefficients to be evaluated..

Collocation at Gauss-Lobatto Nodes clustered near the walls:

.
¢, :COS[N} i=0,1,..., N, are the Chebyshev—Gauss—Lobatto points.

Derivatives of a function at the collocation points are approximated via matrix multiplication. Let

f = [f(fo ), f(f1 ),...,f(é‘N )]T . The first derivative is

dy Y .
— = D )y :0,...,N,
=l ]Z; e}

The Chebyshev differentiation matrix, denoted by D , is a square matrix of order (N + l)x (N + 1).

2N? +1
, 1=j=0,
6, /
Dy: _2N6+1’ =j=N CO_CNZZ,Ci:l(1<l<N—1)
s v 1<i=j<N-1,
21_51’

The derivative of the function at all nodes is calculated simultaneously:
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F'=2DF, F"=4D*F, F" =8DF,F" =16D*F
Discretized Governing Equations

Substituting the matrix operators into the governing ODEs results in a system of nonlinear algebraic equations:
Momentum Equation (from Eq. 15):

0]y o 2 o) p ) ] e o

Energy Equation (from Eq. 16):

%+Rd (4D%6)+ S Pr (1—¢)+¢(pc‘")s [2F-(2D6)-n-(2D0)]=0
r Py

Because the resulting system is nonlinear, an iterative solver like the Newton-Raphson method is typically applied.
L : 1o 3 _ , o
The initial guess used in the study, F| (77) = 5 3n° —2n° ) and 6, (77) =1—7, provides a starting point that

satisfies the boundary conditions. The iteration continues until the residual of the equations reaches a specified

tolerance (e.g., 107" ), yielding results that align with the high-accuracy tables provided in the paper.

4. Results and discussion

Property Ethylene Glycol (Base Fluid) Magnetite (Nanoparticles)

Density (0 ) 1115 kg/m’ 5180 kg/m’

Specific Heat (Cp ) 2430 J/kg - K 670 J/kg-K

Thermal Conductivity (k) 0.253 W/m-K 9.7 W/m-K

Prandtl Number ( Pr) 24.4 —

Table 2 Coefficient of skin friction for different values of ¢ , S, and M

¢ S M HPM[23] FDM[23] CPSM
0.1 0.5 0.1 -3.01071 —-3.01000 -3.01055
0.2 —3.17983 —3.17889 -3.17968
0.3 —3.64362 —3.64281 -3.64347
0.1 0.3 -3.01774 —3.01662 -3.01757
0.2 —3.18540 —3.18404 -3.18523
0.3 —3.64824 —3.64790 -3.64808
0.1 -0.2 0.2 —2.80982 —2.80873 -2.80987
0.2 —2.97810 —2.97738 -2.97815
0.3 —3.44131 —3.44008 -3.44136
0.1 0 —2.86832 —2.86633 -2.86831
0.2 —3.03663 —3.03557 -3.03662
0.3 —3.49985 —3.49828 -3.49985
0.1 0.2 —2.92674 —2.92532 -2.92667
0.2 —3.09508 —3.09416 -3.09501
0.3 —3.55833 —3.55764 -3.55827
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Fig. 2 Velocity profile for different squeeze number
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fraction when S=-1,M =0.1.
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Fig. 4 Velocity profile for different solid volume
fraction when S=1,M = 0.1.
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The thermophysical properties of the base fluid
(ethylene glycol) and magnetite nanoparticles are
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presented in Table 1. Ethylene glycol possesses
relatively low thermal conductivity (0.253) and
higher specific heat (2430), whereas magnetite
nanoparticles exhibit much higher density (5180)
and thermal conductivity (9.7) but lower specific
heat (670). Due to this contrast, the addition of
nanoparticles significantly enhances the heat
transfer capability of the base fluid because of
improved thermal conductivity, while at the same
time increasing flow resistance owing to higher
density and effective viscosity of the nanofluid.

Table 2 shows the comparison of the skin friction
coefficient obtained using HPM, FDM, and the
Chebyshev pseudo spectral method (CPSM). The
results are in excellent agreement, confirming the
accuracy and reliability of the CPSM approach. It is
observed that the magnitude of skin friction
increases with an increase in nanoparticle volume

fraction ¢ . This is because the addition of
nanoparticles enhances the effective viscosity of the
fluid, which increases resistance to flow and
consequently raises the wall shear stress. Similarly,
an increase in the magnetic parameter (M) also leads
to higher skin friction. This behavior is attributed to
the Lorentz force generated by the applied magnetic
field, which opposes the fluid motion and enhances
the shear stress at the wall. Furthermore, the squeeze
number (S) exhibits a dual effect: negative values of
S reduce the skin friction due to a decelerating or
expanding flow that weakens the velocity gradient
near the wall, whereas positive values of S increase
the skin friction as a result of the squeezing motion
that intensifies the velocity gradient.

The influence of various parameters on the velocity
profiles is illustrated in Figs. 2—6. It is observed that
the velocity increases near the wall as the squeeze
number (S) increases from negative to positive
values. This is because positive S represents the
squeezing of the fluid between the plates, which
accelerates the flow and enhances the velocity
gradient, whereas negative S corresponds to the
separation of the plates, reducing the flow intensity.

The effect of nanoparticle volume fraction ¢, as
shown in Figs. 3 and 4, indicates that the velocity

profile decreases with increasing ¢ . This reduction
in velocity occurs due to the increase in effective
viscosity and density of the nanofluid, which

increases internal resistance and suppresses fluid
motion. Additionally, Figs. 5 and 6 demonstrate that
increasing the magnetic parameter (M) significantly
reduces the velocity distribution. This reduction is
caused by the Lorentz force induced by the magnetic
field, which acts opposite to the flow direction and
converts kinetic energy into thermal energy, thereby
damping the fluid motion.

The temperature profiles for different parameters are
presented in Figs. 7-11. It is observed from Fig. 7
that negative values of the squeeze number (S) lead
to a steeper temperature gradient near the wall,
indicating enhanced heat transfer, while positive S
flattens the temperature profile. This is because
decelerating flow increases the residence time of
fluid particles near the surface, allowing more heat
to be transferred, whereas accelerating flow reduces
this interaction time. The influence of nanoparticle

volume fraction ¢, as depicted in Figs. 8 and 9,

shows that temperature increases with increasing ¢
. This behavior is due to the enhanced thermal
conductivity of the nanofluid, which improves heat
diffusion within the fluid. Moreover, Figs. 10 and 11
reveal that increasing the magnetic parameter (M)
increases the temperature while reducing the
temperature gradient at the wall. This occurs because
the magnetic field suppresses fluid motion,
weakening convective heat transfer and causing heat
to accumulate within the fluid, thereby thickening
the thermal boundary layer.

The variation of the Nusselt number is shown in Fig.
12 for different values of the squeeze number (S) and

radiation parameter (Rd ). It is observed that the
Nusselt number increases for negative values of S,
indicating enhanced heat transfer due to stronger
temperature gradients at the wall in decelerating
flows. In contrast, positive S reduces the heat
transfer rate. Furthermore, the Nusselt number

increases with increasing radiation parameter (Rd
). This is because thermal radiation contributes
additional energy transport within the fluid, which
enhances heat transfer and reduces the thermal
boundary layer thickness.

Overall, the results demonstrate a clear trade-off
between flow resistance and heat transfer
enhancement. The addition of nanoparticles and the
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application of a magnetic field improve the thermal
performance of the system but at the cost of
increased resistance to flow. The squeeze parameter
and radiation parameter provide effective control
over momentum and heat transfer characteristics.
The strong agreement between HPM, FDM, and
CPSM validates the Chebyshev pseudo spectral
method as a robust and accurate numerical technique
for analyzing such nanofluid flow problems.
Conclusion

Nanoparticles enhance heat transfer by
increasing thermal conductivity, but they
also raise skin friction due to higher
viscosity.

Magnetic fields suppress fluid motion,
increasing flow resistance while also
affecting the thermal boundary layer.

The unsteadiness parameter (S)is a key
tuning factor: negative S (decelerating
flow) improves heat transfer and reduces
friction, whereas positive S has the
opposite effect.

Thermal radiation ( Rd ) thins the thermal
boundary layer, leading to higher Nusselt
numbers and better heat transfer
performance.

The Chebyshev pseudo-spectral method
(CPSM) shows excellent agreement with
established methods, confirming its
accuracy and reliability for analyzing
nanofluid flows.
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