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Abstract:

The paper presents, the heat and mass transfer characteristics of variable
viscous MHD Casson fluid flow over a nonlinear permeable stretching
sheet under viscous dissipation with suction. The leading coupled
nonlinear partial differential equations (PDE’s) are exercised into
coupled self-similar system of nonlinear ordinary differential equations
(ODE’s) through suitable similarity variables. These equations are solved
numerically by utilizing Keller box method (KBM). The impact of
various flow parameters involved in the physical problem are discussed
in detail. The attained results are presented in the form of tables and
graphs. The analysis reveals that flow is prominently influenced by the
physical parameters and also attained results are compared with the
earlier published findings which are comparable. The flow is accelerated
with variable viscosity and decelerated with suction parameter.
Keywords: Nonlinear stretching; Casson fluid; Variable viscosity;
Viscous dissipation; Keller box method.
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1. Introduction

Boundary layer flow over a stretching surface is
frequently encountered in most of the engineering
fields. The flow generated by a stretching boundary
is particularly significant in the extrusion processes
within the plastic and metal industries [1]. Flow and
heat transfer phenomena have valuable applications
in technological processes such as the production of
polymer films of thin sheets. Sakiadis [2] studied the
two-dimensional boundary layer flow problems.
Crane [3] analysed the flow of an incompressible
viscous fluid over an elastic sheet. Crane's work was
later expanded by other researchers to Newtonian
and non-Newtonian boundary layer flows, with
different velocities and thermal boundary
conditions. Abel et al. [4] examined the flow and
heat transfer in power-law fluid over a stretching
sheet with variable thermal conductivity and non-
uniform heat source by using the Keller box method

[5]. The study of heat transfers due to a continuously
stretching surface through an ambient fluid is a key
area of current research. —Mukhopadhyay and
Anderson [6] discussed the slip effects on heat
transfer for the interpretation of flow over an
unsteady stretching sheet. Ishak et al. [7] scrutinized
the steady MHD flow towards a vertical permeable
sheet with prescribed heat flux. Fang et al. [§]
investigated the effects of slip and magnetic
parameters on mass transfer and provided the
closed-form solution of governing Navier-Stokes
equations. Awati et al. [9] inspected the heat and
mass transfer of convective steady-state boundary
layer flow of nanofluid over a nonlinear stretching
surface using Haar wavelet collocation method
(HWCM). Turkyilmazoglu [10] discussed the
second-order slip effects on MHD flow and heat
transfer over absorptive stretching/shrinking
surfaces under innumerable physical situations.
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Further, Van Gorder et al. [11] studied the effects of
slip and suction parameters on fluid velocity and
tangential stress. Presently, thermal loss is the
toughest challenge faced by a lot of automobile
industries, microelectronics, manufacturing
processes, etc. The intensification in temperature
results into a rise in transport phenomena, and hence
it affects the heat transfer at the wall. Thus, it is
important to examine various fluid properties to
analysed the heat transfer and flow rates. Awati and
Bujurke [12] explored the analytical solution of
viscous fluid flow problem with suction/injection
effects. Prasad et al. [13] analysed the heat transfer
and visco-elastic fluid flow along with stretched
nonlinear surfaces in a porous medium utilizing the
fourth-order Runge-Kutta method together with a
shooting iteration scheme. Awati and Mahesh [14]
considered the convective two-dimensional
boundary layer flow over a semi-infinite static and
moving horizontal plate by using the Haar wavelet
method. In another flow problem, Abbas and Hayat
[15] discussed the heat transfer of stagnation point
flow over a nonlinear stretching surface. Liao [16]
determined the solution of boundary layer flow over
an impermeable stretching plate. Further, Liao [17]
extended the work to permeable stretching plate
with suction and injection cases. Uddin et al. [18]
revealed the aspects of boundary layer flows over a
non-isothermal stretching surface, incorporating
porosity, slip, and magnetic effects. Prasad et al. [19]
analysed the variable viscous nanofluid flow over a
slender elastic sheet through optical homotopy
analysis method (OHAM). Awati et al. [20] studied
the flow characteristics of MHD Williamson
nanofluid passing through porous medium. Ramya
et al. [21] discussed the boundary layer flow and
heat transfer of a viscous nanofluid with the effect of
thermal wall slip using Keller box method. Mustafa
et al. [22] reported the analytical observations of
heat transfer analysis of Casson fluid with viscous
dissipation in the region of stagnation point towards
a stretching sheet. Awati et al. [23] debated the
influence of transpiration on MHD nanofluid flow,
varying thermophysical parameters via KBM and
HWCM. Recently, Awati et al. [24] presented
bioconvective MHD-UCM nanofluid flow passing
over a nonlinear stretching sheet using KBM and
HWCM.

Motivated by the above literature review, in
the present paper we studied the flow and heat
transfer characteristics of magnetohydrodynamic
Casson fluid flow with variable viscosity and
viscous dissipation over a nonlinear stretching
surface. The governing partial differential equations
(PDEs) are simplified by utilizing the suitable
similarity variables and attained coupled nonlinear
ordinary differential equations (ODEs) are solved by
using Keller box and Haar wavelet collocation
methods, the obtained results are presented through
tables and graphs. The analysis reveals that, the
current results follow the earlier published findings
and influencing parameters has significant impact on
flow and heat transfer.

2. Mathematical formulation
Consider the flow of a variable viscous two-
dimensional incompressible fluid passing a

permeable (VW # 0 see Liao [17]) sheet coinciding

with plane y=0. Two equal and opposite forces are
applied along the x axis so that the wall is stretched

with the fixed origin. Let Uw(x):cx” is the

stretching velocity of the surface, where constant ¢

decides the sheet is of stretching (c>0) or

shrinking (c < 0) .Let V (x)= VZ))C(VH)/2 is the

velocity of a fluid through the permeable sheet,

where V) <0 corresponds to suction and ¥, >0

is the injection of mass flux.

Thermal boundary layer

velocity boundary layer

—:

Stretching Sheet

Fig. 1 geometrical representation of flow.
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The governing equations comprising continuity, momentum and energy of the flow are given as Cortell [25]

ou 0
2+ oo, (1)

o oy
Ou 8_u_1(1 1ja(ﬂa_uj oB’ (x)u  vu

U—+v—=—|1+— —— @)
x gy pl p)y

ua_T+v5_T:LQ(K(T)‘?_T}L(H%L‘?—”] . 3)
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The pertinent boundary constraints are

u=U,(x), v=V,(x), T=T, at y=0 A
u—0, T-T, as y—> o @

where u and v are the velocity components of fluid along x and y directions respectively. B(x) is the

magnetic field defined by B(x) :Box(nfl)/ 2, O denotes electrical conductivity and Bo is the magnetic

constant. P is the constant fluid density, C, is the specific heat. /3 denotes Casson fluid parameter. T is the fluid
temperature and 7, is the constant surface temperature at the wall. In the present analysis, the variable viscosity
is considered i.e. u is assumed to vary as an inverse function of temperature (for details see Lai and Kulacki [26])
given by
M, . Hy
U= le. pU=—T7"T"T"T—=, ®)
[ie7(1-1.)] (1))

where @ =¥/ pL, , T. is the temperature away from the sheetand 7. =7, —1/y .Here @ and T. are both

constants reflecting thermal property of the fluid whose values depends on reference state and small parameter
Y .1Ingeneral, a <0 corresponds to gases and @ >0 corresponds to liquids. The variable thermal conductivity
K(T) is given by

T-T
K(T)=1+k = | 6
D I8 .

here & is the small parameter, k_ is the thermal conductivity far away from the sheet [4].

The similarity variables exist for Egs. (1) to (3), automatically satisfies continuity equation and are given

(n+1)
2cv
!//(x,y)=,/ =fmpx > ,n=y
n+l1

Using the definition of stream function the velocity components can be written as

u=U,f'(17) and v="— (n+1)v.e x%1 [f(n)mf'(ﬂ)(z—_ln, (®)

as

)

2 +1

where prime indicates the differentiation with respect to 77 . Using the similarity variables and velocity components

defined above, Egs. (2-3) reduces to

(1+%]9, ((9, -6)" f) 2V 4 —(Mnt Pr) =0, ©)

n+l
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7

The relevant boundary conditions (4) becomes
fO)=s, f(0)=1, 6(0)=1,

1) =0, 0(m)—0

as 17— o,

2

Pi[(l+610)9"+81(0')2}+ f0’+Ec[l+%j9r(¢9r —6)" (") =0. (10)

}. (11)

Here, the non-dimensional thermophysical parameters Pr, Ec, s, t9r ,Mn and Pt denoting Prandtl number,

Eckert number, suction, fluid viscosity, magnetic and porosity parameters respectively and are defined as

Uy 2 g _L-T. __ 1
a, C,(T,-T,) “Ne(n+lo,” " T,-T, y(T,-T.)

2
Pr= Lo , Ec= U,
20B;

Mn=—2920
" pc(n+1)’

(12)
20, B;

= ch(nJrl)B2 .

Here O, = koo / ,OCp is a constant. Utilizing the similarity variables, the interesting dimensionless physical

parameters, skin friction coefficients C r and local Nusselt number Nux are given in terms of local Reynolds

number (Rex ) as

C, = @ (1 ; l] "0, Nu, M0’(0) | RE
P ex ﬁ
Table 1. Comparison table for velocity gradient — f ! (0) for different values of n.
Present Work
n Cortell [25] KBM

0.62754 0.62763

0.2 0.76676 0.76691

0.5 0.88948 0.88961

0.75 0.95379 0.95379

1 1.00000 1.00000

3 1.14864 1.14864

7 1.21685 1.21690

10 1.23488 1.23490

20 1.25742 1.25747

100 1.27768 1.27682

3. Method of solution

The coupled system of Eqgs. (9) -(10) are highly
nonlinear ODE’s, it is difficult to determine the
closed form solution by using analytical method.
These equations were solved numerically by using
Keller Box method.

3.1 Keller Box method

Keller box method is an elegant numerical method
which is the extension of finite difference scheme
developed by Keller [5]. It is one of the most
adaptive methods for solving nonlinear boundary
value problems of various complex geometries.
Keller box method involves the discretization of the
domain into grid points and solving iteratively for
the unknown values at each grid point. Na [27] has
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described the detailed procedure of Keller box
method for various problems and shows that, this
method is particularly useful for the parabolic
problems. The principal steps involved in Keller
Box method are as follows

i. Transform the system of higher order differential
equations  into  system of  first order
equations.

ii. The reduced system of first order ODEs, the
average and finite difference formula is used in place
of dependant variable and its derivative to get the
system of nonlinear algebraic equations.

iii. By using Newtons quasi-linearization technique,
the system of nonlinear equations can be converted
into quasi-linear algebraic system of equations and
these equations can be written can be written in
matrix form.

iv. Block tri-diagonal elimination technique is used
to solve the quasi-linear algebraic systems.

Here initial approximations are made utilizing the
boundary conditions and results are obtained with

the error estimation of 107 .

Table 2. Comparison table for temperature gradient —6’ (0) for different values of n with Pr=1.

Present Work
Ec n Cortell [25] KBM
0.0 0.2 0.61026 0.61032
0.5 0.59527 0.59538
1.5 0.57454 0.57471
3 0.56503 0.56503
10 0.55496 0.55034

Table 3. Numerical values of — f° ! (0) and —6' (0) for different values of thermophysical parameters for n=35.

" ’

2] Mn Pt & B Pr Ec ! (0) o (0)
r KBM KBM
-00 0.5 0.5 0.1 1 1 0.5 0.1 -1.23195 -0.89672
-1 -1.90710 -0.72907
-10 -1.31233 -0.78201
-100 0.5 -1.24025 -0.89667
1.0 -1.34918 -0.89160
1.5 -1.44899 -0.88678
2.0 0.5 -1.54168 -0.88216

1.0 -1.62859 -0.87780
1.5 -1.71070 -0.87338
2.0 0.1 -1.78872 -0.86919
0.2 -1.78871 -0.86222

0.3 -1.78873 -0.88548

0.4 -1.78873 -0.89127

0.1 1 -1.78874 -0.89497

2 -2.08924 -0.80251

3 -2.27755 -0.79710

4 -2.30749 -0.79796

1 1 -1.78872 -0.86919

2 -1.78876 -0.87047

3 -1.78961 -1.39058

4 -1.79001 -1.82219

1 -1.92776 -0.91562
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2
3
5

-2.23452 -1.57344
-2.57542 -2.41840
-3.34029 -4.07457

1 -3.33830 0.20245
1.5 -3.33810 1.35442
2 -3.33786 2.58028
3 -3.33731 5.13414

4. Results and discussion

The numerical computation were performed to
analyse the boundary layer flow problem for
different values of physical parameters involved in
the physical problem. The nonlinear coupled
system of ordinary differential Eqs. (10)-(11) with
corresponding boundary constraints (12) are solved
by using Keller box method. Table 1 and Table 2
presents  the comparison  of

f ”(0) and 9'(0) values respectively obtained

by Keller box method with Cortell [25] which are
identical. It shows that, Skin friction coefficient (

numerical

C ) decreases and local Nusselt number (Nu,)

increases with increasing values of n. Table 3
illustrates the impact of physical parameters on

f ”(0) and 0’(0) with suction. It is examined

f'(n)

100

Fig. 2 Imapct of Qr on velocity profiles.

The viscocity of liquids decreases with
increasing temparature and increases for gases. This

attributes that t9r is negative for liquids and positive

for gases. Hence negative values of Qr are

that, the local Nusselt number increases with
increasing values of magnetic parameter Mn.
Further the skin friction shows the opposite
behaviour with transverse magnetic field. The
increase in thermal conductivity parameter (&)
shows an intensification in the resulting surface
drag forces and the heat transfer rate. It is noticed
that, local Nusselt number increases with increasing
thermal conductivity. Table 3 depicts that, Eckert
number (Ec¢) has significant impact on local Nusselt

number as sudden increase is observed in Nux
with increasing values of Ec. Suction parameter (.S)
has similar effecton C . and Nu,, both increases
notably with increasing S. It is also witnessed that,
both C r and local Nusselt number are enhanced

with higher Prandtl number.

I A 1 % U " I
— ﬁ=1 )
W— ﬁ:2
—p=3
—— p=4
N -
IN]
N~
“
I L I
3 4 5
1
Fig. 3 Impact of S on velocity profiles.
considered in the present analysis. Fig. 2

demonstrates the effect of 9,, on velocity profiles. It
shows that, velocity of the fluid enhances with

increasing values of .. Further, the thickness of
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boundary layer approaches to zero as gr -0, predicts the effect of suction parameter (S) on
velocity of the fluid. It is noticed that, the decrease

Also, it depicts that, both skin friction coefficient . . . . . .
in velocity profiles with increasing suction

and local Nusselt number decreases as 6

r parameter which correlates with Bernoulli’s
approaches to zero. Fig. 3 shows the Casson fluid phenomena. Similar pattern is observed on heat
parameter (f) has similar effect on velocity profile transfer in Fig 5, it displays diminished temperature
as flow rate decreases with increasing B. Fig. 4 profiles for higher values of suction parameter.

I $ I % I 5 1 ¥ ] I " I % T ] 1 " I ' I
- peer M
——s=2
—— =3
- —s=5 A
= 1 %2 1
- s
I T
5 5 6 7
n n
Fig. 4 Imapct of S on velocity profiles. Fig. 5 Impact of S on temparature profiles.
¥ T T T v T T T ¥ u T T T ! T X T !
——Mn=0.5 —Pt=0.5
b —— Mn=10| | = ——Pt=10
——Mn=1.5 —Pt=1.5
— MN=2.0 —Pt=2
0.8 - . 0.8 4
~ 06 . -~ 06 4
c [~
- -
0.4+ . 0.4 4
Mn=0.5, 1.0, 1.5, 2.0
02+ - 0.2 4
0.0 T —— 0.0 .
0 1 2 3 4 5 0 4 5
1 1
Fig. 6 Imapct of Mn on velocity profiles. Fig. 7 Impact of Pt on velocity profiles.

Fig. 6 and Fig. 7 exhibits the behaviour of velocity profiles with the change in values of
magnetic and porosity parameters respectively. It demonstrates that, the reduced velocity profiles with increase
in both magnetic (Mn) and porosity (Pf) parameters. When magnetic field is applied to a Casson fluid, it generates
Lorentz force in the perpendicular direction of fluid motion which resists the fluid velocity. Also, in the porous
medium fluid must navigate through pores resulting into reduced fluid velocity.
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T T T L T
12
f\ — Ec=1
—Ec=1.5
104 —Ec=2
— Ec=3
0.8
=
S 06
0.4
Ec=1,15,2,3
0.2
o'o i I N I - I
0 1 2 3

Fig. 8 Imapct of Ec on temparature profiles.

The dual nature in Fig. 8 highlights the complex
relationship between viscous dissipation and
thermal conduction in Casson fluid flow. Higher
Eckert values result into more significant initial
temparature increases. After the initial rise, the
temparature profiles decreases which emphasizes
the influence of viscous effects on thermal
properties of the fluid flow. Fig. 9 demonstrates the
effect of varrying Prandlt number on temparature
distributions which decreases nonuniformaly for
increasing the Prandtl numbers (Pr).

5. Conclusion:
The analysis presents the following

conclusions:

» The fluid velocity decreases as viscosity
parameter decreases and the Casson fluid
parameter increases.

» An increase in suction parameter leads to
decrease in  both

temperature.

» An increase in Eckert number raises the
initial temperature but eventually leads to
decrease in the temperature profiles.

» An increase in magnetic and porosity
parameters results into decrement in the
fluid velocity.

»  The velocity of the fluid decreases with
increase in Pr.

velocity  and
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I I I I |
b —pPr= ]|
—Pr=2
& —Pr=3 |
— Pr=4
064 | -
04 -
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0.0 T I T T T
0 1 2 3 4 5 6
1
Fig. 9 Impact of Pr on temparature profiles.
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